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ABSTRACT ARTICLE HISTORY
Fractional (nonlocal) diffusion equations replace the integer-order Received 10 June 2016
derivatives in space and time by their fractional-order analogs and they are Accepted 5 February 2017
used to model anomalous dlffusu?n, especially in physncs. In FhIS paper, we COMMUNICATED BY
study a backward problem for an inhomogeneous time-fractional diffusion Y. Xu
equation with variable coefficients in a general bounded domain. Such a
backward problem is of practically great importance because we often do KEYWORDS _
not know the initial density of substance, but we can observe the density ~ Diffusion process; fractional
at a positive moment. The backward problem is ill-posed and we propose a derivative; backward
.. . X . problem; Tikhonov

regularizing scheme by using Tikhonov regularization method. We also -

- . . regularization method
prove the convergence rate for the regularized solution by using an a
priori regularization parameter choice rule. Numerical examples illustrate AMS SUBJECT

applicability and high accuracy of the proposed method. CLASSIFICATIONS
35K05; 35K57; 65J20

1. Introduction

Partial differential equations of fractional orders have recently become a focus of many research
studies because of their various applications in fluid mechanics, viscoelasticity, biology, physics, and
engineering. Fractional calculus in mathematics is a natural extension of integer-order calculus. One
well-known model in slow diffusion for the inhomogeneous time-fractional diffusion equation is
given by the following problem:

D/'u= Lu(x,t) + G(x, 1), (x1) € Qx(0,T),
u(x,t) =0, (x,t) € 3Q2 x (0, T), (1.1)
u(x,0) = up(x), x € Q,

where @ C R is a bounded domain with sufficient smooth boundary 82, G(x, t) is a given source
function in 2 x (0, T), y € (0, 1) is the fractional order of the time derivative, DZ/ is the (left-sided)
Caputo fractional time derivative defined by

t
1 /
D;/u = 1_'(1——]/) / (t — s)_yu (S)dS,
0
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and T > 0 is a final time. Note that if y = 1 and y = 2 then the equation in (1.1) represents a
parabolic equation and a hyperbolic equation, respectively. Let L?($2) be a usual L*>— space with the
scalar product < -, > and HZ(Q), H{"(€2) denote the Sobolev spaces, see [1]. Let £ be given by

d d
0 0
Lv(x) = E B_x, j:E 1 A,-j(x)a—xjv(x) + C(x)v(x), «x¢€ L,

i=1

where Aj; = Aj;. Moreover, we assume that the operator — £ is uniformly elliptic operator defined on
D(— L) =H*Q)n Hé (2) and that its coefficients are smooth: there exists a constant v such that

d d d
vY &2 <3 Y A ag, xeQ &R
i=1 i=1 j=1

and the coeflicient functions satisfy
AjeC'(Q), CeC(Q), Cx) <0, xeQ.

For given inputs y, G(x,t) and u(x), the problem (1.1) is called the direct (forward) problem.
Like most direct problems of the mathematical physics, the problem (1.1) is well posed. In [2], it is
proved that the direct problem (1.1) has a unique weak solution.

As it is known, a direct problem aims to find a solution that satisfies given differential equation
(ordinary, partial, or fractional) and related to initial and boundary conditions. In some problems,
the main equation and the conditions are not sufficient to obtain the solution, but, instead some
additional conditions (also called measured output data ) are required. Such problems are called the
inverse problems. Recently, there has been a growing interest in inverse problems with fractional
derivatives. Usually, in these works a fractional time derivative is considered and determination
of that, a coeflicient function or a source term under some additional condition(s) is the inverse
problem. These problems are physically and practically very important. We list some of the important
references [2-14]. This study can be regarded as continuation of the series of works mentioned above
on fractional inverse problems.

In this paper, we study a backward determination problem. The backward problem of diffusion
process is of great importance in engineering and aims at detecting the previous status of physical
field from its present information. In general, no solution which satisfies the diffusion equation
with final data and the boundary conditions exists. Even if a solution exists, it does not depend
continuously on the final data and any small perturbation in the given data may cause large change
to the solution which means the backward problem is ill-posed in the sense of Hadamard. So we need
some regularization methods to deal with this problem. We construct a regularized solution of the
backward problem by using Tikhonov regularization method and present stability analysis and error
estimate.

Although the backward problem for the homogeneous time-fractional diffusion equation i.e.
Dg’ u = Lu(x,t) has been studied in the mathematical literature [14-16], the backward problem for
the inhomogeneous time-fractional diffusion equation i.e. Dg/ u = Lu(x,t) + G(x, t) has not yet been
studied. Motivated by this reason, we consider the following backward determination problem:

DYu = Lu(x,t) + G(x,t), (xt)€Qx(0,T),
u(x,t) =0, (x,t) € 9Q x (0, T), (1.2)
ulx, T) = g(x), x € Q.

The backward problem here consists of determining u(x, t) for t € [0,T) in the problem (1.2)
from given inputs G(x, t) and g(x). However, in practice the measurements can be only given with
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some noise level (measurement error) €. Hence, for the inputs G(x,t) and g(x) of the backward
problem, we assume that

g — gl <€ 1G° = Gllpoo,r:12(02)) < €- (1.3)

Therefore the backward problem is to find u(x,t) for t € [0, T) in the problem (1.2) from given
inputs | g€, G | such that (1.3) holds. Here and afterwards the L°° (0, T'; X) consists of all measurable

functions u : [0, T] — X with [[u|l 1> ,1.x) 1= esssup,—,.rllu(t)|x, where X denotes a real Banach
space with the norm ||.||x. o

The paper is organized as follows. In Section 2, we provide some preliminary material. The
existence, uniqueness, and regularity of the solution for the backward problem are obtained in
Section 3. In Section 4, we propose a Tikhonov regularization method and give a convergence
estimate under an a priori assumption. Two numerical examples are given to show the effectiveness
of our method in Section 5.

2. Preliminaries
This section is devoted to some useful definitions and lemmas.

Definition 2.1 [17]: The Mittag-Leffler function is defined as

& k

z
Eyp@) =) ——F—— z€C, (2.1)
= Tk+p)

where y > 0 and B € R are arbitrary constants.

We note that, by the power series, we can directly verify that E,, g(2) is an entire function of z € C.
The following lemmas indicate three important properties of the Mittag-Lefller function which
provide technical convenience in ensuing theorems ahead.

Lemma 2.1 [14]: Let 0 < yy < y; < 1. Then there exists constants B,B™ > 0 depending only on
Y0, ¥1 such that

B~ 1 BT
= < E 1 (X) f ———7——, Vx <0.
ra—y)l—x« rM—y)1—x
These estimates are uniform for all y € [yo, y1].
Unless otherwise specified, we assume y € [y, y1] for some yy, y; in this paper.

Lemma 2.2 [17]: Let A > 0. Then we have
DI'E,1(—AtY) = —AE,1(—AtY), t>0,0<y < 1. (2.2)

Lemma 2.3 [17]: The following equality holds for . >0, y >0, andn € N :

n

@E%l( —AtY) = =At"T"E, _pp1(— ALY), t>0. (2.3)
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Lemma 2.4: Let m,a >0, A, 2y be positive numbers. If z € (0, +00) then there holds

2—m 1 _m Z_Tm m
az z _ i
K(z) = 2+A§ 2A 2(2 m) (am)z, if0<m<2, ze(0,400), (2.4)
A7z ", if m=2,  z€ (z,+00),
and
mH

ezt (= A—m) A +m) a2, fo<m<l, ze/(0,+00),

F(z) Tra=]2\4
Aflzé*ma, if m>1, z € (29, +00).

(2.5)

Proof: First we prove (2.4).

Case 1: 0 < m < 2. It is easy to see that lim, .o K(z) = lim;_, o« K(z) = 0. Thus

K(z) < sup K(z) <K(z¥), forany z € (0,+00),
z€(0,400)

A(2—m)>é -0

where z* € (0, +00) such that K'(z*) = 0. By a simple calculation, we find z* = (
mao

This leads us to

2—m

AQ—m)\ 2 o
K(z) < K(z¥) = MG _ Lla-y (2 m)T(am)%
= At Aem =5 '

Case 2: m > 2. Since z > zp and m > 2, we have 2>~ < zg_m. This implies that
2—m 2—m
oz az L 2em

K = < <A™
@O=pra~—a =4

Next we prove (2.5).
Case 1: 0 < m < 1. It is obvious that lim F(z) = lim F(z) = 0. Thus
z—0 Z—>00

F(z) < sup F(z) <F(z"),

z€(0,4-00)
N - . . LA —m)
where z™ € (0, +00) such that F'(z™) = 0. By a simple calculation, we find z™ = <ﬁ) >0
o m
This leads us to
A( ) FTm
l1—m m+l
+ <(1+m)0t) o 1/1) *? 1-m Lim  lim
F(Z)SF(Z)IA—:—— (l—m)2(1+m)2a2_
Ad—m) + A 2\ A
1+m

Case 2: m > 1. It is clear to see that z! ™" < zé_m from z > zp and m > 1. Hence, we get

< Ailzé_ma.
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In the next sections, we will need the solution of the direct problem (1.1). For this purpose, we
give a well-known solution formula for the direct problem (1.1). Since —L is a symmetric uniformly
elliptic operator, the eigenvalues of —L satisfy

O<AfA =A< ZAp=<---

with A, — o0 as p — o0o. We denote the corresponding eigenfunctions by ¢, € H*(Q) N H} (Q).
Thus the pair (45, p), p = 1,2,.. ., satisfies

Lpx) = —hppp(x), x € Q,
@p(x) =0, x € 0Q.

The functions ¢, are normalized so that {¢, };ozl is an orthonormal basis of L?(£2). Then we have

o 2
HNQ) = {v eLX(Q): Y AF|(nay)| < +oo}.

p=1

We note that H*() is a Hilbert space equipped with norm

(v. )

2) 1/2
By using Fourier series expansion, the formal solution of the direct problem (1.1) can be found in the
following form [2]:

o0

k

1V g1k ey = (Dﬁ
n=1

e ¢]

t
u(x,t) = Z (Ey,l( — Apt"ugp + /0 (t — r)V_lEy,y( — Ap(t — I)V)Gp(r)dr> Pp(x),  (2.6)
p=1

where g, = (ug(x), ¢p(x)) and G (1) = (G(x, 1), Pp(x)).

3. The backward time-fractional diffusion problem

We begin this section with the following useful lemma.
Lemma3.1: Let G € L0, T; L*(R2)). Then there exists a positive constant My such that

[} £ 2
> [ (t = )" T Eyy (= dp(t = 9)")Gp(9)ds| = MillGllf o 11202 (3.1)
p=1"5
Furthermore, if G € L*°(0, T} H?*(Q)) then there holds
00 £ 2
> o / (t =97 By (= dp(t = 9")Gp()ds| < MGl g 1112y (3.2)
p=1 0
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Proof: By applying Lemma 2.3 for n = 1 and using the fact that E, ; (0) = 1 we have

t t
1 d 1
/‘SyilEy,y( — Aps¥)ds = - / aE%l( — ApsV)ds = A_(l — E, 1(—=Apt?)), foranyt > 0.
P P
0 0
(3.3)

Also Lemma 3.3 in [2] gives E;, 1 (— A,t") > 0 so that (t — s)”flEy,y (=Ap(t—9)") = Oforallt > 0.
Hence

t
1
05/ (t =) 'Eyy (= Ap(t —5)?)ds < " t>0. (3.4)
0 P
Noting that
o0 2
Gy = Y | <GEt¢p(®) > | < 1Glm 1120, (3.5)

p=1
for t € [0, T] and using (3.4) we have

t

t
[ =97 B (= g0t = 96,0 = [ [ =977y (= e = 971Gy
0 0

t
= IGllge(o,1;12(22)) / (t =)’ 'Eyy (= Ap(t — 5)7)ds
0
Gll o007
- I1Gl; O.T:L2(2) (3.6)
Ap

This implies that

o0 t 2 o0 1
h=y \ f (t =97 By (= Ap(t = 9)Gp()ds| < NGl o 7120 D 7
p=1 9 p=1

It is known that 1, > Qp*?

for 0 < d < 4 by letting

for p € N, where Q is a positive constant independent of p, [18]. Hence

1 &1
M= 5D~
Q pzlp/
we prove
o0 t 2
Z( / (t—s)V*IEy,y(—Apa—s)y)Gp<s>ds\ < MillGllingor:12(0): (3.7)
=1
The proof of (3.2) is similar. O

Throughout this paper, we assume that 0 < d < 4.
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Theorem 3.1:

(a) Letg € L*(Q) and G € L>(0,T; L*(R2)). Then the problem (1.2) has a unique solution
ueL?0,T; H () N H(% (£2)) which is given by

T
ad — At
u(x,t)—E By (= 217) gp—/(T—S)V_lEy,y(—kp(T—S)”)Gp(S)ds Pp(x)
Ey1(—2pT7) J

p=1
+§:{/}t‘”rqﬁw(‘*ﬂf-ﬂﬁGﬂﬂ&}¢Am (9
p=1 10
if and only if
T 2
o | & = [ (T =97 Eyy (= 1p(T = 9)")Gp(s)ds
Z - < 00, (3.9)
= Ey1(—2pT7)

where g, = <g(x),¢p(x)> and Gy(s) = <G(x, s),¢p(x)>.

(b) Letge H?*(Q) and G € L*(0, T; H*(Q)). Then problem has unique solution u € C([0, T1; L?
(2)) N C((0, T]; H*() N Hy ().

Proof:

(a) Assume that the problem (1.2) has a unique solution u and the solution is given by (3.8). Then
if we take t = T in (3.8), we have

u(x, T) = g(x)

= Z(E%l( —xpT7) < u(x,0), ¢p(x) >
p=1

T
+ / (T — )" 'Ey, (— Ap(T — s)V)Gp(s)ds)cﬁp(X)-
0

This implies that
T
<g(x)’¢}7(x)> - f (T - 5)y71Ey,y( - )\p(T - S)y)Gp(S)dS
— 0
<u(x’ O)’¢p(x)> B Ey1(— A7) . (3.10)
Therefore
T 2
o | &= [ (T=9" "By (= 2p(T=9MG)ds | o 2
0
Z Ey1(—=2,TY) = Z (”(x’ 0)’¢p(x)>

p=1 p=1

< uC,0)}2q, < o0
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If (3.9) holds, then we define the function v as follows

T
s | & = [ (T =) 7'E, 5 (= 1p(T = $)7)Gy(s)ds
_ 0
v(x) = Z Eyn(— ApT7) Pp(x). (3.11)

It is easy to see that v € L*($2). Now, we consider the following problem:

u(x,t) =0, (x,t) € 02 x (0, T), (3.12)

Dl'u = Lu(x,t) + G(x,t), (x1t) € Qx(0,T),
u(x,0) = v(x), x € Q.

Since v € L*(Q2) and G € L™®(0, T; L*(S2)), we conclude that problem (3.12) has a unique
solution which is given by

o]

u(x, 1) = Z(Ey,l( — pt? ) (V(x), p (1))
p=1
t
+ / (t =) "By (= Ayt — s)V)Gp(s)ds)qsp(x). (3.13)
0

By following Theorem 2.1 in [2], we can easily prove that u € L*(0, T; H*() N H& (2)). By
(3.11) and (3.13), it is easy to see that

u, T) =Y gpp(x) = g(x). (3.14)
p=1

This implies that u is the unique solution to the backward problem (1.2).
(b) Since g € H?*(©) and G € L*®(0, T; H*(S2)), we have the following estimate

o | 8~ OfT(T = )7 7E, , (= 2p(T — $)7)Gy(s)ds 2
}; Ey1(—2,T7)
T 1 2
< 2% | <& &) > I +2 i Kof A S)y)GP(S)dS’(bp(x)M
TS Ea(= TR EZ (= ,T7)

(3.15)
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The first term on the right-hand side of (3.15) is estimated as follows

2
1 <gdp00 > [ w[”hwxW+%q 2 )
B am - = Al <8 dp() > |
PX:; |E)’,1( - )»pTy)|2 pX:; B p p
Fa-y)(17 +457°
-2 |: B~ . :| gl (3.16)

where we use Lemma 2.1. Now we estimate the second term on the right-hand side of (3.15).

2

T
(/T =977 By (= 2 (T = 97)Gy(9)ds, 6y ()
0

WK

2 - .
= E2 (= 2pT7)
ra-—yy (rr+ 2
< 2[ ( y;(_ Ay } sz /(T — )T E, (= Ap(T — $)7)Gy(s)ds
p=1
T —y)(T7 + )
= 2M2 |: B & :| ”G”ioo(o’T;HZ(Q))- (317)

If we use (3.16) and (3.17) in (3.15), we prove (3.9). Applying Part (a) of this Theorem, we
deduce that the problem (1.2) has unique solution u.

Now we prove that u € C([0, T]; L*(2)) N C((0, T1; H*(2) N H} (2)). By using (3.16) and (3.17)
forall t € [0, T'], we have

T

[ Epi(— Apt?

”u(" t)”iZ(Q) = Z [E)/J/)ll((_—)\;)’]“)/))<gp - / (T - S)y_lEV»V( - )\P(T - S)y)GP(S)dS)
p=1 ’ 0

! 2
+/(t—s)V—IEV,y(—Ap(t—s)V)Gp(s)ds]

2
T —y) (T + )
< 3 |: B_ &l ||g||§{2(9)

L= y) (T + 3 5 ,
+ 3M2 B ” G”LOO(O,T;HZ(Q)) + +3M1 ||G||L°°(O,T;L2(Q))'

(3.18)

Since we know that

T
o0 — Apt
3 ”ﬁmgg(@—f@—gﬁwwvmﬂrwvmwﬁa Bp()
p=1 Eya P 0

00 t
+> /(t—s)y—lEy,y(—xp(t—s)V)Gp(s)ds Pp(x) (3.19)
p=1
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is convergent in L3(Q) uniformly for all ¢ € [0, T], we conclude that u € C([0, T]; L*(Q)). Also by
using the inequality (a + b + ¢)* < 3(a® + b + ¢*) and Lemma 2.1, we have the following estimate
forallt € (0,T]

Apt
luts Dl pq) = X}{ fing ./U—QVTM&—MU—QU%wm)
p=1 Ey, p

¢ 2
+ f (t =) 'Ey (= Ap(t — s)V)Gp(s)dsi|

T
B+Ty 2 oo B 2
< 3( 0 ) > (g + Af,’ / (T =) By, (— Ap(T — s)V)Gp(s)ds’ )
p:l

+3Zk2 /(t—s)y lEyy(—Ap(t—s)V)Gp(s)ds(

p=1 0
BYTV\2 2 2 2
= 3( BtV ) I:”g”HZ(Q) + Ml ||G”L°°(0,T;H2(Q))] + 3M1 ||G||LOC(O7T;H2(Q))) (320)
which implies
luCs Ollp2@) = @ T3 < )||G||L°°(o T;H2(Q)) (3.21)

Since we know that

e¢]

T
Ey1(— Apt?) -
z:;Ap E:II(——A;TV) gp—/(T—s)V YEy (= 2p(T = 9))Gy(s)ds | | ¢p(x)

+ka f(f—S)V "Ey .y (= Ap(t — $)V)Gy(s)ds | ¢hp(x) (3.22)
p=1

is convergent in L?(2) uniformly for all t € [8, T] with any given § > 0, we can see that Lu €
C((0, T]; L*(2)). This and (3.21) leads us to u € C((0, T]; H*(Q2) N Hy (). O

Remark 3.1: From the same techniques of the proof part (b) of Theorem 3.1, we can easily prove
the following estimate:

nw&mwsf

B—tr

||g||L2(Q) +3 <

) ”G”LOC(O,T;LZ(Q))' (323)

Hence, the backward problem is well posed for t € (0,T). This is quite different from y = 1.
Numerical experiments also confirm this. Our explanation to this phenomenon is that the fractional
derivatives are hereditary functionals possessing a total memory of past states, so we could easily
detect the previous status from its present information. But the state at t = 0 is an exception.

Here after we only focus on the case t = 0.
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Theorem 3.2: Let g € L*(Q) and G € L®(0, T; L*(Q)). Suppose that u(.,0) € H™(Q) for any
m > 0 and there exists a positive number M such that

lu(, ) lgm@) < M. (3.24)
Then there holds
(., 0)llp2(qy < PMAHT, (3.25)
where
- L [TA =T +50) , , T2
P =P(m,y,B .8, G) =222 |: e :| [IIgHLZ(Q) + M1||G||Loo(o,T;L2(Q))]

1/q

1/p
. . . . 0 00 0
Proof: By using (3.8) and Hoélder inequality E i |xeyi] < ( E e |xk|P> ( E o |xk|q>

1
forp=m+landgq = ﬂ,weget
m

luC- 01175 g

T 2
|:gp — [T =)Y7LE, (= ap(T — S)V)Gp(s)d5:|
0

o0
=2 |Ey1(— ApT?)|2

T m+1 T T+m
[gp — [T =Y TE, (= ap(T — s)V)GP(s)ds:| [gp = [(T =)7L E, (= ap(T — s)V)GP(s)ds]
0 0

o0
=2 [Ey1(— ApT?)2

<) (3.26)

2
T
— [(T - s)”_lE},,y( — (T — s)V)Gp(s)dsj|
0

00
1= Z |Ey,1( _ APTV)|2'"+2 ’

S
Il
—

— T 2

- / (T =) 'Ey, (= Ap(T — $)7)Gp(s)ds

=
I
M2

bS]
I
_

Using (3.10) and (3.17), J; is estimated as follows:

2
T
[gp — [(T = )" Eyp (= Ap(T — s)V)Gp(s)ds]
0

(0.¢]
; yl(—kaV)lzm |Ey1(—= 2, TY)[?
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2m
o | T~ y)(TV + %)
2
<> = 2" (e, 0), ¢ ()|
p=1
2m
ra- y)(TV + rll)
= = (., 0) [1Fm (g2)- (3.27)
Using Lemma 3.1, ], is estimated as follows:
00 T 2
=> [ / — )Y Ey, (= Ap(T — s)V)Gp(s)ds}
p=1 0
oo o
< 2[Zg§ +y ‘ / (T =)' "'Ey (= Ap(T — s)y)GP(s)ds‘ }
p=1 p=1
< 2[||g||§z(m + M, ||G||iOO(O,T;Lz(Q))]. (3.28)
By (3.26), (3.27), and (3.28), we obtain
(T = )T+ 55) T
(. 0) 22y = 277 = ] 1 0) ke, [ngniz(mwl ||G||§M(O,T;L2(Q))} ,
which implies
o (P =T + 5 g5, mE
||u(->0)”L2(Q) = 22m+2|: B ] |:||g||L2(Q) +M1”G”L°°(0TL2(Q))i| MmFT,
(3.29)
Hence .
lu(. 02y = PM ™.
O
4. Tikhonov regularization under an a-priori parameter choice rule
Defining a linear operator K : L* (Q) > L’ (£2) as follows:
o
9) = X Ena(= kT gl () = [ k()1 (6) e, (@)

p=1

oo .
where k (x,&) = szl Ey1(=2,T")ep (x) ®p (S) Since k (x,é) =k (é,x), we know that the
operator K is self-adjoint. Now we prove that the operator K is a compact operator. Let us consider
the finite rank operators K, defined by

%) =D Epa(= 1T {frdp) by (%) (4.2)

p=1
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Then, by Lemma 2.1, (4.1) and (4.2) we have

0 2
[Knf = K[y = 3 [Brat= 2] 0]
p=m+1

N
[F(lB— Y) 1+ TV] Z (f. )’

=m-+1

B
= [F(l ¥) 1+ Am TV] ||f||L2(Q) (43)

Therefore |K,;, — K|| — 0, as m — 00 in the sense of operator norm in IL (L2 (Q) L2 (Q)) So K
is a compact operator. We know that the singular values for the linear self-adjoint compact operator
are

0p = Ey1(— 2pTY), (4.4)

and the corresponding eigenvectors are ¢,. From (4.1), the backward problem can be formulated as
the following operator equation:

Ku(x,0) =h (x) , (4.5)
where
0 T
heo =Y | g - / (T — s)V—lEW( — (T — s)V)Gp(s)ds (). (4.6)
p=1

Since the problem (4.5) is ill-posed, we solve it by using Tikhonov regularization method which
minimizes the following quantity in L*():

IKu(.,0) = Rll22 g +allu( 017 g
where o > 0 is a regularization parameter. The minimizer u, (x, 0) satisfies [19]
K*Kug(.,0) + oty (., 0) = K*h(x). (4.7)

By singular value decomposition for compact self-adjoint operator K as in [20] , we have:

o0 _ 4
1 (,0) ZZ Ey1(—2pT7)

=+ ‘Ey,l( - APTV))

T
2 [gp - / (T - s)yflEy,y< — dp(T — s)y>Gp(s)ds]¢p(x).
0
(4.8)

If the given data (g, G) is noised by (g€, G°), we have

0 _ Y
W (0 = Y vl AT

=+ (Ey,l(—)\pTV)‘

T
2 [g;f - / (T - s)y—lgy,,,< — Ap(T — s)V)G;(s)ds}bp(x).
0
(4.9)
In this work, we will deduce an error estimate for || u(.,,0) — us,(.,0) || L2(Q) and show convergence

rate under a suitable choice of regularization parameters. It is clear that the total error can be
decomposed into the bias and noise propagation as follows:
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||1/l(, 0) - M;(., 0) ||L2(Q) = ”u(’ 0) — Uy (" 0) ”LZ(Q) + ” Uy (-’ 0) - Mg, (" 0) ”LZ(Q) . (410)

We first give an error bound for the noise term.
Lemma 4.1:  If the noise assumption (1.3) holds, then

g€ — &1y + MG = Gl (o120,
2u '

[ (. 0) — 145, (., 0) Hiz(m < (4.11)

Proof: From (4.8), (4.9) and using the inequality 4ab < (a + b)? < 2(a® + b?), for any a,b € R we
get

4 (5 0) = 1t (., 0) 172y

2
=+ (Ey,l( — APTV)‘

. 2
X |:(g; — &) — / (T — s)V—lE},,y( — (T — s)V)(G;(S) — Gp(s))ds]
0

2
(Ey,l( - APTV)‘
2

<y

2
p 4a‘Ey,1( _ APTV)‘

T
2
X |:(g; _gp)2 + ‘ / (T =$)YEy (= 2p(T — S)V)I:G;(S) — Gp(s)]ds‘ :|
0

2 2
_ 18" 8l o) + MG = Gl gy _ €2+ M)

4.12
- 20 - 20 ( )
Hence
€1+ M1
llug, (5 0) — e (., 0) 1122y < ———=—
o o L*(2) m
O

In order to obtain the error bound for the first term in (4.10), we usually need some a priori
conditions. By Tikhonov’s theorem, the operator K~ ! is restricted to the continuous image of a
compact set M. Thus, we assume u(.,0) is in a compact subset of L> (2). Here fter, we assume the
condition (3.24).

Lemma 4.2: If the a priori condition (3.24) holds, then

AMa?, if 0<m<2,

4.13
AyMa, if m>2, (4.13)

“”a(-’o) - u(.,O)”LZ(Q) =< {
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where

.
2|01 = y)(T7 + 55)
-2

1
Ay =A(y,m,B", T, A1) = ‘

.
F(L—y)(I7 + )

A2 = Az()/,m,B_,T,)Ll) = ‘

Proof: By (4.8), we can deduce that

e (-, 0) = u(, 017
2

B i Ey1(—2,T7) 1

2 _ ¥
P a+(Ey,1(—ApTV) Ey1(=2,T7)

x | g — [ (T — )" Ey, (= Ap(T — $)7)Gp(s)ds

T
— [(T =) ""Ey (= ip(T — $)7)Gy(s)ds
0

u 2
[ 2] — . (4.14)
o+ ‘Ey,l(—)»pTy)‘ ya(=24pT7)

Il
e

By (3.10) and (4.14), we have

2

° ar; ™ 2
g (2 0) = u(a D)l 2y = | d 5 | 237(ux 00,650
= | o+ }Ey,l( . xpTV)’
< sup A(p) pr’"<u(x,0),¢p(x))
pEN p=1
= sup A(p) lu(., 0)[|lgm (), (4.15)
peN
where
)\.—m
A(p) = 4

2
Ey1(—apT7)

From Lemma 2.1, A(p) is bounded by

ar, ™ ary "
Ap) < ;= : (4.16)
B~ 2
“t F(H)(Tuﬁ)xp‘ ak +‘

r(i- y><w+; )
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2
in Lemma 2.4, we obtain

.
T —p)(T7 + 1)

Bylettingz = A, > 2o = A1 and A = ‘

2—m

1 B~ —-m /2 —m\ 5 m .
2—m —‘ T ’ ( ) a2, f0<m<?2,
adp - 2IT(1 — y)(T7 + W) m
_ 2 — B— -2
arl + B—l‘ ‘ ‘ Wmg, if m>2.
P IT A=) (174 ©'(—y)TY + %)
(4.17)
Combining (3.24), (4.15), (4.16), (4.17), we conclude that
AlMa%, if 0<m<2,
lue (., 0) — u(->0)|lL2(Q) =< {AzM(x, i m> 2
O

Theorem 4.1:  Assume that (1.3) and (3.24) hold, then the following convergence estimates are
satisfied:

2
€ \m
(a) If 0<m<2and choosea = (—) ! then

m_

1
m+1 ¢ m+1 |

M; +1
1+ )M

144 0) = (. )2y = (A1 +/ =5

(SN[}

(b) If m>2and choose o = (%) , then

M +1 12
1454 0) = (. 0) 12y = (A2 + | =5 — M€

Proof: The proofs are easily obtained by (4.10), Lemmas 4.1, and 4.2. O

5. Numerical experiments

In this section, we implement the presented regularization method on two examples. In these
examples, we take d = 2 and T = 1. The nosiy data (g€, G%) is obtained as follows:

G(,h)=G(,..) +€Rrand() — 1),
G =g()+€eQrand() —1). (5.1)

We can easily verify that (1.3) is satisfied. The regularization parameter o depends on €. Hence,
we use the Matlab command fzero to find «(€). Also we take the regularization parameter « as
2
€2
Apri = (—) ’ , where M is the a priori condition computed by ||u(., ., 0)llf2¢q) < M. We compute

the Mittag-Leffler function by using the algorithm given in [21]. The examples are considered in the
following form:

7 u(x,y,1t)
= U (5,7, 1) + Uy (%, 1, 1) + G(x, 3, 1), (x,9) € Q,t € (0,1],
u(x,y,t) =0, (x,y) € 082, t € (0,1],
u(x,y, T) = g(x,y), (x,y) € £,

(5.2)
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where Q@ = (0,7) x (0,7). By (3.8) and (4.9), the exact and its regularized solutions are found as
follows:

T

N N
4 1
u(x,y,0) = F};; m &g — 0/ O(S, ¥ Apg) Gpg()ds | dpq(x, ),
4 L X 1 ;
(e (02 0) = F; q; [Ey,1(— ApgTV)? 4 a(e) 8pq ~ 0/. O 2pg) Gpg(5)ds | dpg(x,y),
(5.3)
where
hpg =P+
$pq(x,y) = sin (px) sin (gqy),
O, Vs hpg) = (T =) By (= (0> + )T —5)7) (5.4)

and N is enough large number (truncation number).
In our computations, we take P = Q = L = 101 to generate temporal and spatial discretizations
as follows:

T
= iAx,Ax=—, i=0---P,
j2
T,
yj=joy, Ay ==, j=0---Q,
Q
1
tk—kAtAt—z k=0---L

Wealso set (e )(x,, ¥j,0) = u;’f](;) “and u(x;, y], 0) = u; 0 to construct two vectors contain all discrete

values of u;, . and f. We denote them by A, and &, respectively. These two matrices are used in
showing our results.

[ a(e),e ae)e a(e)e a(s)e T
0,00 %0,1,0 " %0,0-1,00 %0,Q0)
a(e),e a(e)e a(e)e a(s)e
”(1(0)0) ”(1(1)0) (I(Q) 1,0) (1(%0)
o(€),e o(€),e o(€),e o(€),e P
Yo = | Y200 "oy T eqm1 Yo | € RTT X RO,
a(e),e a(e)e a(e)e a(e)e
L%P0,0) P10 " He,0-1,0 (PQO)
U(0,00) U(0,1,0) *** U(0,Q—1,0) 4(0,Q0) |
U(1,0,00 4(1,1,0) " %4(1,0-1,00 %(1,Q,0)
E = | 4200 %210 " 42Q-10) 42.Q0) | e RPT! x RRFL,
LU(P,0,0) U(P,1,0) "+ UP,Q—-1,0) U(P,Q,0)_|
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The relative error between the exact and its regularized solutions is computed by the following
formula:

P Q
[ rl,
e =

2
Ugy (o) (Xi>j>0) — u(xi,}’j,o)‘
P Q 2 '
2izo =0 ‘u(xi,yj,O)‘

Example 1: In the first example, we take G(x, y, t) and g(x, y) as follows:
=y
re-y
+ el (x? +y2) sin (xy)xy(w — x)(w —y) — 2e! (x* +y2)(n —x)(T —y)
+ [x(rr —x) +y(r — y)] <2et sin (xy) + 2xye' cos (xy)),

g(x,y) = esin (xy)xy(wr — x)(T — y).

G(x,p,t) = e’ sin xy)xy(m —x)(r —y)

We note that the exact solution of the problem (5.2) for the given functions above is u(x, y,0) =
xy(w —x)(w —y) sin (xy). In practice, it is very difficult to obtain the value M for the a priori parameter
choice rule without having an exact solution. We take M = 304482 in [|u(.,.,0)[|y2(q) < M. The
relative and absolute errors are shown in Table 1 from which we can see that the error is decreasing
as the level of noise becomes smaller. The convergence order is found to be 0.66. This is consistent
with our convergence estimate. For the convergence rate, we use the following definition:

e(f,10¢)
e(f,e)

Convergence rate = log,,

The numerical results under the a priori parameter choice rule when € = 107!, = 1072, and
€ = 1072 are showed in Figure 1 with Qpriy = 4.76E — 05, aprj, = 1.03E —05,and apyi; = 2.21E — 06,
respectively. We can see that the numerical results are in very good agreement with the exact solution.

Example 2: In the second example, we take G(x;, y, t) and g(x, y) as follows:

1—
G(x,p,t) = I‘(Z——J/)/)et sin (xy) sin ((mr — x)(T — y))
+ [ — el (x? 4 y?) sin (xy) — €' cos (xp)[x (T — x) + y(7 —y)]] sin (7 — x) (7 — y))
— |:et[(7r — x)2 + (w —y)z] sin (xy) — el [x(n —x)+y(r —y)] cos (xy):|
x cos ((m — x)(wr — y)).
g(x,y) = esin (xy) sin ((r — x)(w — y)). (5.5)

We note that the exact solution of the problem (5.2) for the given functions above is u(x, y,0) =
sin (xy) sin ((r — x)(w — y)). We take M = 315888 in [[u(.,.,0)||g2(q) < M. The relative and
absolute errors are shown in Table 1. The numerical results under the a priori parameter choice
rule when € = 107',¢ = 1077 and € = 107 are showed in Figure 2 with &, = 4.64E — 05,
®priy = 1.00E — 05, and api; = 2.16E — 06, respectively.

Table 1 shows the relative errors between the exact solution and its regularized solution for
y = 0.2,y = 0.5, and y = 0.8, where ex; denotes the error between the exact and its regularized
solutions in Example 1 and ex, denotes the error between the exact and its regularized solutions in
Example 2. As it is seen in Table 1, the regularized solution converges very well to the exact solution
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Table 1. The relative root mean square error between the exact and regularized solutions of two examples for different values of €.

y =02 y =05 y =038
€ ex1 exy exq exy exq exy
1E-01 9.86E-01 9.85E-01 9.94E-01 9.94E-01 9.99E-01 9.99E-01
1E-02 9.39E-01 9.37E-01 9.73E-01 9.72E-01 9.96E-01 9.96E-01
1E-03 7.64E-01 7.59E-01 8.84E-01 8.81E-01 9.81E-01 9.81E-01
1E-04 3.97E-01 3.91E-01 6.12E-01 6.06E-01 9.17E-01 9.15E-01
1E-05 1.19E-01 1.16E-01 2.42E-01 2.37E-01 6.97E-01 6.92E-01
1E-06 2.76E-02 2.69E-02 6.21E-02 6.06E-02 3.18E-01 3.12E-01
1E-07 6.00E-03 5.90E-03 1.39E-02 1.36E-02 8.75E-02 8.55E-02
1E-08 1.30E-03 1.27E-03 3.00E-03 2.95E-03 1.99E-02 1.95E-02
1E-09 2.82E-04 2.75E-04 6.51E-04 6.36E-04 4.30E-03 4.24E-03
1E-10 6.07E-05 5.92E-05 1.40E-04 1.37E-04 9.38E-04 9.16E-04

once € tends to 0. It also confirms again the regularized solution converges relatively good to the
exact solution in our proposed method.

6. Concluding remarks

We have studied a backward problem for an inhomogeneous time-fractional diffusion equation with
variable coeflicients in a general bounded domain. The backward problem, which means to recover
the initial state for some slow diffusion process from its present status, is very hard to solve due to
the nonlocal property of the fractional derivative and the irreversibility of the time. The backward
problem is ill-posed and we propose a regularizing scheme by using Tikhonov method. By using
a priori regularization parameter choice rule, we prove the convergence rate for the regularized
solution. Numerical examples illustrate applicability and high accuracy of the proposed method.
Although this paper focuses on an a-priori choice of the regularization parameter, there is usually
a defect in any a-priori method i.e. the a-priori choice of the regularization parameter depends
obviously on the a-priori bound M of the solution. In fact, the a-priori bound M cannot be known
exactly in practice, and working with a wrong constant M may lead to a poor regularized solution. In
the upcoming studies, we will mainly consider the a-posteriori choice of a regularization parameter for
the mollification method. Using the discrepancy principle we will provide a new posteriori parameter
choice rule. These are subjects of the planned studies by the authors of this paper.

Acknowledgements

The authors thank to anonymous referees for their valuable comments and suggestions that have greatly improved the
presentation of the paper.

Disclosure statement

No potential conflict of interest was reported by the authors.

Funding

This first and the second authors have been supported by Institute for Computational Science and Technology Ho Chi
Minh City under project named Fractional diffusion-wave equations and application to soil contaminant. The third
author has been supported by the Scientific and Technological Research Council of Turkey (TUBITAK) through the
[project number 113F373].



22 (&) N.H.TUANETAL

References

Adams RA. Sobolev spaces. New York (NY): Academic Press; 1975.

Sakamoto K, Yamamoto M. Initial value/boundary value problems for fractional diffusion-wave equations and
applications to some inverse problems. ] Math Anal Appl. 2011;382:426-447.

Cheng J, Nakagawa J, Yamamoto M, et al. Uniqueness in an inverse problem for a one-dimensional fractional
diffusion equation. Inverse Prob. 2009;25:115-131.

Jin B, Rundell W. An inverse problem for a one-dimensional time- fractional diffusion problem. Inverse Prob.
2012;28:075010.

Li G, Zhang D, Jia X, et al. Simultaneous inversion for the space-dependent diffusion coefficient and the fractional
order in the time fractional diffusion equation. Inverse Prob. 2013;29:065014.

Sakamoto K, Yamamato M. Inverse source problem with a final overdetermination for a fractional diffusion
equation. Math Controls Relat Fields. 2011;4:509-518.

Tatar S, Tinaztepe R, Ulusoy S. Simultaneous inversion for the expo- nents of the fractional time and space
derivatives in the space-time fractional diffusion equation. Appl Anal. 2016;95(1):1-23.

Tatar S, Tinaztepe R, Ulusoy S. Determination of an unknown source term in a space-time fractional diffusion
equation. J Frac Calc Appl. 2015;6(2):94-101.

Tatar S, Ulusoy S. A uniqueness result in an inverse problem for a space- time fractional diffusion equation.
Electron J Differ Equ. 2013;258:1-9.

Tatar S, Ulusoy S. An inverse source problem for a one-dimensional space- time fractional diffusion equation.
Appl Anal. 2015;94(11):2233-2244.

Tatar S, Ulusoy S. Analysis of direct and inverse problems for a fractional elastoplasticity model. Filomat.
Forthcoming.

Yamamato M, Zhang Y. Conditional stability in determining a zeroth- order coefficient in a half-order fractional
diffusion equation by a Carleman estimate. Inverse Prob. 2012;28:105010.

Zhang Y, Xu X. Inverse source problem for a fractional diffusion equation. Inverse Prob. 2011;27:035010.

Liu JJ, Yamamoto M. A backward problem for the time-fractional diffusion equation. Appl Anal.
2010;89(11):1769-1788.

Wang J-G, Wei T, Zhou Y-B. Tikhonov regularization method for a backward problem for the time-fractional
diffusion equation. Appl Math Modell. 2013;37:8518-8532.

Ren C, Xu X, Lu S. Regularization by projection for a backward problem of the time-fractional diffusion equation.
] Inverse Ill-Posed Probl. 2014;22:121-139.

Podlubny L. Fractional differential equation. San Diego: Academic Press; 1999.

Courant R, Hilbert D. Methods of mathematical physics, Vol. 1. New York (NY): Interscience; 1953.

Kirsch A. An introduction to the mathematical theory of inverse problems. New York (NY): Springer; 1996.
Groetsch CW. The theory of tikhonov regularization for fredholm equations of the first kind. Boston (MA):
Pitman; 1984.

Podlubny I, Kacenak M. 2006. Mittag-Leffler funtion, the MATLAB routine. Available from: http://www.
mathworks.com/matlabcentral/fileexchange.


http://www.mathworks.com/matlabcentral/fileexchange
http://www.mathworks.com/matlabcentral/fileexchange

	1. Introduction
	2. Preliminaries
	3. The backward time-fractional diffusion problem
	4. Tikhonov regularization under an a-priori parameter choice rule
	5. Numerical experiments
	6. Concluding remarks
	Acknowledgements
	Disclosure statement
	Funding
	References



